Tai liéu on thi TS cao hoc mén Toan PGS TS Lé Anh Vii

PHAN 1 ] ] '
TOAN CO SO CHO KINH TE

1. Pao ham ciia hAm mot bién va ap dung dé phan tich toi wu trong
Kinh té
1.1. Vai quy tic tinh dao ham, bang dao ham ciia mét vai ham sé so cap co
ban va dao ham ctia ham hgp
a) Vai quy tic tinh dao ham
u+v) =u+v;(u-v) =u -v’; (ku) =ku’ (k 12 hang sd)
(uw) =uv+uv’
b) Bang dao ham ciia mdt vai ham so6 so cip co ban

c)

Ham s6 DPao ham
Ham hing y=C y’ =0
Ham lily thira y = x“ y'=ox* !
Ham mii y=a*(0<a#1) y' =a*lna
Dac biét y =¢* y' =¢e

d) Pao ham ciia ham hop: Néu u = u(x) 1a mot ham sé thi ta c¢6
(e")y =e'u’; @'y =a"v’lna(0<a#1)

1.2. Ung dung dao ham dé tim cyec tri ciia ham 1 bién

a) Khai niém cue tri: Cho ham s6 f xac dinh trén D; xo 1a diém thudc D.

e Ta bao f dat cuc tiéu (dia phuong) tai xo néu f(x) > f(Xo) véi moi x € D va du gan
Xo. Liac d6 f(xo) ciing goi 1a gia tri cuc tiéu cua f.

e Ta bao f dat cuc dai (dia phuong) tai xo néu f(x) < f(Xo) v&i moi x € D va du gén
Xo. Luc do6 f(xo) cling goi 1a gia tri cyc dai cua f.

e Khi f dat cuc tiéu hay cuc dai tai xo ta cling noi f dat cuc tri tai xo va f(xo) 1 gia
tri cuc tri cua f.

o Néu m = f{xo) <f(x), VXD, thi ta bdo f dat gid tri nhé nhat (hay cuwc tiéu toan
cuc) trén D tai xo va goi m = f{xo) la gid tri nhé nhat cua f trén D, ky hiéu m =
I}(/liDn f(x).

o Néu M = f{xo) > f(X), ¥XeD, thi ta bdo f dat gid tri Ion nhat (hay cuc dai toan
cuc) trén D tai xo va goi M = f{xo) la gia tri [om nhat cua f trén D, ky hiéu M =
M%x f(x).

Xe

e Cyc tieu toan cuc, cuc dai toan cuc cua f con goi la cuc tri toan cuc hay cuc tri
tuyét doi cua f'trén D.
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b) Cach tim cuec tri (dia phwong)
Bai toan: Cho ham sb y = f(x). Tim cyc tri cta y (néu co).
Thuit toan tim cwe tri: Ta thuc hién tudn tu cac budc dudi day.

e Buée 1: Néu tap xac dinh va tinh cac dao ham y’ vay” = (y’)’.
e Bur6e 2: Giai phuong trinh y’ = 0 tim cac nghiém (néu co)
+ Néu y’ v6 nghiém thi két luan ham s6 khong c6 cyc tri. Thuét toan dimg.
+ Néu y’ ¢6 nghiém, chiang han Xy, Xa, ... thi d6 1 nhitng diém dimg, tic
1a nhitng diém kha nghi c¢6 cuc tri. Lam tiép budc 3.
e Buée 3: Kiém tra diéu kién c6 cuc tri tai tung diém dung.
Ching han, xét diém dimg x = a nao do.
Tinh y”(a).
- Khi y”(a) > 0 thi x = a 1 diém cuec tiéu.
- Khi y”(a) < 0 thi x = a 1 diém cuc dai.
- Khi y”(a) = 0 dong thoi y” xac dinh trong khoang (a— €, a+€) vdie >0
(40 nho) va y” d6i dau khi x chay qua a tir trai sang phai thi x = a khong 1a diém
cuc tri.

Bwée 4: Tém tat va két luan vé cuc tri cua ham sé da cho.

) Cdch tim cwe tri tuyét doi
Bai todn: Cho ham sé y = f{x) xdc dinh va lién tuc trén doan mét [a, b] (— o< a
< b < +o) bat ky, kha vi trén khoang (a, b). Tim gid tri nho nhat va lon nhat (tiec
la cuc tri tuyét doi) cua f trén doan do.
Thudt todn tim cwe tri tuyét doi: Ta thuwc hién tuan ty cdc buée dwdi day.

® Buoc 1: Tinh dao ham y’ = f’(x), x € (a, b).
e Budc 2: Gidi phiwong trinh y’ = 0 tim cdc nghiém x1, X, ... trén (a, b) (néu cd).
e Budc 3: Tinh cdc gid tri fla), f(b) va cdc gid tri f(x1), f(X2), ... ctia ftai cdc diém
X1, Xo, ... néu tim dwoc chung o buoc 2.

Budc 4: Gid tri nhé nhat, I6n nhdt cia tdp {f(a), f(b), f(xo), f(x1), ...} chinh & gi&
tri nhé nhdt, I6n nhat cia f trén doan [a, b].

d) Vidu 1: Tim cyec tri cia ham y = x3 — 6x? + 9x + 10.

e) Vidu2: Tim cuc tri cia ham y = x* — 18x? + 5.

1.3. Ap dung dé phan tich t6i wu trong Kinh té

a) Vai ham thong dung trong Kinh té

e Gia (Price): P (hay p); Lao dong (Labor): L, Vén (Capital): K.

Ham cung (Quantity Supplied): Q:s.
Ham cau (Quantity Demanded): Qq.
Ham lgi ich (Utility): U.
Ham (tong) chi phi (Total Cost): TC (hoic C).
Ham (t6ng) doanh thu (Total Revenue): TR (hoic R).
Ham lgi nhuén (Profit) 1 = TR — TC (hoac R — C).

Tém tit 1y thuyét va bai tap 5



Tai liéu on thi TS cao hoc mén Toan PGS TS Lé Anh Vii

b) Luwa chon tdi wu trong Kinh té
Nhiéu van dé kinh té duoc dua vé bai toan tim cyec tri ciia ham sé y = f(x) nao dé.
Cu thé, trong Kinh té, ta thudng phai giai quyét cac bai toan tdi vu dudi day.

e Tim gia P dé t6i vu héa san luong Q, tirc 1a 1am cho Q cuc dai (ti da).

e Tim gia P hodc tim san lugng Q dé t6i uu hoa doanh thu R, tic 13 lam R cuc
dai (t6i da).

e Tim san luong Q dé t6i wu hoa chi phi C (hay TC), tirc 14 1am C cuec tiéu (tbi
thiéu).

Puong nhién, trude hét, ta can chuyén van dé t6i vu mang nodi dung kinh té thanh
bai toan cyc tri thuan tay toan hoc. Tiép theo, ta giai bai toan cyc tri trong Toan hoc.
ROi sau d6 lai dién giai két qua toan hoc thanh két luan vé van dé goc trong Kinh te
Mit khac, tir cac kién thic toan hoc trong bai toan tim cyc tri, ta co thé suy ra mot sb
khang dinh mang noi dung kinh té.

€) Vi du 3: Cho ham cau Q =300 — P, ham chi phi C = Q*— 19Q? + 333Q + 10.
Tim san lugng Q lam t61 vu hoa lgi nhuan.
Giai
Vi ta can tim san luong Q nén trude hét ta biéu dién gia theo san luong. Ta cd
(Q =300-P) < (P =300-Q); 0<Q <300.

Tir do suy ra
e Doanh thu R = PQ = (300 — Q)Q.
e Loi nhudin 1 =R — C = (300 — Q)Q — (Q% - 19Q? + 333Q + 10)

Tinh to4n rat gon ta duogc loi nhuan © = — Q% + 18Q% — 33Q — 10.
Van dé cia Kinh té dugc chuyén thanh bai toan don gian trong Toan hoc: tim
mure san luong Q (> 0) dé loi nhuan 7 = — Q3 + 18Q2 — 33Q — 10 16n nhit.
enm'=-3Q2+36Q-33=-3(Q*>-12Q +11); n”= —-6Q + 36 =—6(Q —6).
e =0<[(Q=1)Vv(Q=11)]
e (1) =30 > 0 nén =& dat cuc tiéu (Loai).
e 7”°(11) = — 30 < 0 nén &t dat cuc dai tai Q =11, 1Gc d6 wmax = w(11) = 474.

Két luan: Véi Q = 11 thi loi nhun 16n nhat mmax = m(11) = 474 (don vi tién).

d) Vi du 4: Gia sir mot doanh nghiép san xuét va tiéu thu doc quyén mét loai san
pham c6 ham cau cho boi P = 1400 — 7,5Q (don vi tinh USD) v6i Q = Qq 1a lugng
cau (tinh bang sé lwong san pham). Cho biét chi phi binh quin 13 AC = Q%2 — 6Q +
140 + 750Q%; Q > 0. Tim mtrc san luong tdi wu hoa loi nhudn va xac dinh gid twong
ung.

Giai

Chi philaC =Q.AC = Q(Q?-6Q + 140 + 750Q 1) = Q% - 6Q? + 140Q + 750.
Doanh thu la R = PQ = (1400 - 7,5Q)Q = 1400Q — 7,5Q%.

Loinhuan © =R - C = (1400Q - 7,5Q%) — (Q° - 6Q? + 140Q + 750)

Hay loi nhuan la n = — Q% —1,5Q% + 1260Q — 750; Q > 0.

Ta can tim muc san luong tdi wu héa loi nhuan tire 1a tim Q dé 7 16n nhat.

Tacdé Mr=n"=-3Q%-3Q+ 1260 =-3(Q?+ Q —420).
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=-6Q-3=-3(2Q+1)<0; vQ>0.
Mn =0 < —3Q?-3Q + 1260 = 0 <> [Q = 20 (nhan) hodc Q = — 21 (loai)].
Tai Q =20 ta co:
P = 1400 - 7,5x20 = 1250; m(20) = — 20° — 1,5x20? + 1260x20 — 750 = 15850.
Vi 7”(Q) <0 (VQ >0) nén & dat cuc dai tai Q =20 v&i max = 15850.
R6 rang Q = 20 con la diém cwc dai duy nhat ciia o trén khoang (0, +o0). Hon nita
con co
o 7'=-3(Q°+Q-420) <0, ¥Q > 20, nén zgidm trén (20, +0), n6i riéng
7max = 15850 > 7(Q), ¥Q > 20.
o 7'=-3(Q*+Q—-420)>0, ¥Q (0, 20), nén rting trén (0, 20), ndi riéng
7mmax = 15850 > 7(Q), ¥Q (0, 20).
Bdi thé, gia tri cuc dai mmax = 15850 ciing la gid tri lon nhat cia .
Két luan: Véi san luong cau Q =20, gia trong tng P = 1250 (USD) thi loi nhuan tdi
rru bang mmax = 15850 (USD).

BAI TAP
1.1. Gia str mot doanh nghi¢p san Xuat va tiéu thu doc quyén mét‘loai san phém 9(’) ham cau
cho boi P =2800 — 15Q (don vi tinh USD) v6i Q = Qq la lugng cau (tinh bang so lugng san
pham). Cho biét chi phi binh quan Ia
AC =2Q%?-12Q + 280 + 1500Q°%; Q > 0.
a) Xac dinh doanh thu va lgi nhuén.
b) Tim muc san lugng toi wu hda lgi nhuan va xac dinh gia twong ng.

1.2. Gia str doanh thu cia mot loai san phém cho boi cong thire R =240Q +57Q° - Q% Q 1a
lugng hang hoa ban ra. Tim san lugng Q d¢€ t6i uvu hoéa doanh thu va tinh doanh thu luc do.
1.3. Ham cau va chi phi binh quan ctia mot loai san pham doc quyén duogc cho boi P =600
—2Q, AC =0,2Q + 28 + 200Q! (Q la san Iuong cau, P 1a gia ban mot san pham).

a) Tim san luong Q dé ti wu hoéa loi nhuan (trudce thué). Tim gia P va loi nhuan lac do.

b) Gia sir mirc thué trén mot don vi san pham nay 1a 22 (USD). Tim san luong dé toi uu

héa lgi nhuan sau thué va xac dinh mire gia va loi nhuan (sau thué ) lac do.
1.4. Mot doanh nghiép sén xuét trong diu kién canh tranh hoan hao. Gia s gia trén thi
truong cua san pham ma doanh nghiép san xuat la P = 130$ va tong chi phi d€ san xuat ra
Q san pham la C(Q) = Q° — 3Q? + 30Q + 60. Hay tim mirc san lugng Q dé loi nhuén cua
doanh nghiép dat cuc dai.
1.5. Mot xi nghiép doc quyén san xuat va tiéu thu mot loai san pham. Gia sir ham cau cua
loai san phdm nay 1a Q =48 — P va ham chi tong phi san xuét tng 1a C = C(Q)=20+6Q +
Q2 trong d6 Q 1a s6 lwong san pham dugc san xuat va P 1a mic gia cla moi san pham dugc

ban ra. Hay tinh mirc loi nhuan t6i da ma xi nghiép co thé thu dwoc biét ring mdi san pham
ban ra, xi nghi€p phai chiu thém murc thu¢ 1a 2§.
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2.Ham hai bién, ciac dao ham riéng va ap dung dé phan tich téi wu
trong Kinh té
2.1. Ham hai bién va cac dao ham riéng cép 1, 2 ciia chiing
a) Mb ta khai niém ham hai bién: Mot biéu thtrc chira hai bién x, y cho ta
mot ham hai bién x, y. Ta thuong ky hiéu z = f(x, y).

Vidu5
z=x3-3x%y + 4xy? + y3; 2 = Ax*yP (A, o, P 1a cac hing sb duong di cho)

b) Céc dao ham riéng cap 1, 2
Vi tinh gian lugc, ta bo qua khong nhéc lai khai niém dao ham riéng (DHR),
tinh kha vi 16p C¥, kha vi lién tuc. Ta thira nhan mdi ham hai bién z = f(x, y)
kha vi 16p C? s& c¢6 hai PHR cdp 1 va ba PHR cip 2 ky hiéu z’x, z’y; 2xx, 27xy
va z’yy.

Céch tinh cac PHR: Khi tinh DPHR theo bién nay thi xem bién kia 12 hing
s0 va ap dung moi quy tac tinh dao ham 1 bién thong thuwong.

c) Vidu 6: Tinh cac PHR cuia cac ham cho trong vi du 5 néu trén.

2.2. Ap dung PHR dé tim cuc tri tw do ciia ham 2 bién va phén tich t6i vu
trong Kinh té
a) Khai niém vé cue tri tw do ciia ham hai bién
Xét ham hai bién bat ky z = f(x, y) xac dinh trén mién phang D va (xo, Yo) la
mot diém thuéc D.

* Tanoi ham s6 z = f(x, y) dat cuc tiéu twr do (dia phwong) hay don gian la z
dat cuc tiéu tai (xo, Yo) néu f(x, y) > f(xo, Yo) v6i moi diém (x, y) thuéc D va
nam trong mot lan cén cua (xo, Yo). Lic do, ta cling noi (o, Yo) la mot diém
cuee tiéu Va 2o = f(Xo, Yo) goi 1a mot gid tri cure tiéu ctia ham sd dang xét.

e Tandi ham z = f(x, y) dat cuc dai tw do (dia phwong) hay don gian 1a z dat
cwe dai tai (Xo, Yo) néu f(x, y) < f(Xo, Yo) v6i moi diém (x, y) thuéc D va nam
trong mot lan cén cua (Xo, Yo). Luc do, ta cling noi (o, Yo) la mot diém cuyc
dai va zo = f(Xo, Yo) goi la mét gid tri cuc dai ctia ham so6 dang xét.

Céac diém cuc tiéu hay cuc dai con goi chung 13 diém cuee tri, cac gia tri cuc
tiéu hay cuc dai con goi chung la gia tri cuc tri cia ham dang xét. Ham so dat
cuc ti€u hay cuc dai cling goi chung la dat cuc tri.

b) Thuit toan tim cwec tri tw do ciia ham hai bién

Bai toan co ban: Cho ham hai bién z = f(x, y) x4c dinh va kha vi lién tuc dén
cap 2 trén mién phang D. Tim cuc tri (tu do) cua z = f(x, y) néu co.

Chay: Trong thyc hanh, d6i khi mién xac dinh D khong dugc cho truc tiép
ma ta can tim theo su c6 nghia ctia biéu thirc xac dinh z = f(x, y).
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Thuét toan tim cwe trj tw do: Dé tim cuc tri ciia ham z = f(x, y) ta thuc hién
cac budc dudi day.
® Buwoc 1: Tim tap xac dinh D (néu can) roi tinh cac dao ham riéng cap
mot, cap hai ctia ham so da cho.
z,=0

e Budc 2: Giai hé phuong trinh { dé tim cac diém ding (néu co).

Z, =
y
» Néu hé vo nghiém thi dung lai, két luan ham sd khong co cuc tri.
» Neéu hé c6 nghiém thi moéi nghiém cho ta mét diém ding. Lam tiép
budc 3.

e Buwérc 3: Kiém tra diéu kién ¢ cuc tri tai tung diém dung.
Ching han, xét diém dirmg Mo(Xo, Yo). Ta tinh A, B, C, A nhu duéi day
A=z, (X0, Yo), B = 7, (X0, yo), C = z;z (Xo, Yo); A= AC — B2
> Néu A >0 thi Mo 1a diém cuec tri. Cu thé A >0 thi Mo 1a diém cuc
ti€u; con khi A < 0 thi di€ém Mo 1a diém cuc dai. Ta tinh gia tri
cuc tri zo = f(Mo).
> Néu A < 0 thi Mo khéng la diém cuec tri.
> Khi A =0 thi chua thé két luén dugc. Ta can xem xét, phan tich
thém cac thong tin khac dé két luan dugc cho diém Mo.
e Budrc 4: Tom tit cac két qua va két luan vé cuc tri ctia ham sb di cho.

¢) Vidu 6: Tim cyc tri (néu cd) cia ham sé z = x® + y3 — 3xy.
Giai
R rang z xac dinh trén toan mat phang. Pao ham riéng cap mot va hai cia z
nhu sau:
2% =3x? -3y =3(x*—y), z’y = 3y? - 3x = 3(y? - X);

2, = 6X, Zy =— 3, zy2 = oy.
Ta tim cic diém dimng

z, =0 X2—y=0 {x 0;
. S9N, =
Ta dugc ding hai diém dimg O(0, 0) va M(1, 1).

Bay gio ta kiém tra diéu kién c6 cyc tri tai timg diém dimg
» Xét diem O(0, 0). Tai diém nay ta tinh dugc

A=27,(0,00=6x0=0, B=z,(0,0=-3,

I
<
I

" A B
C=12,(0,0)=6x0=0, A= ‘B C‘:AC—BZ:OxO—(—3)2:—9<O.

Do d6 O(0, 0) khong phai 1a diém cyc tri cia ham z.
» Xét diem dung M(1, 1). Tai di€ém nay ta tinh duogc

A=7,(1,1)=6x1=6, B=z,(1,1)=-3,
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d)

Giai

C=2,(1,1)=6x1=6, A=AC-B?=6x6 - (- 3)2=27>0,

Do doé M(1, 1) 1a diém cuc tri, lai vi A =6 > 0 nén M la diém cuc tiéu cua
z voi gia tri cyc tiéu zmin = 2(1, 1) = 13+ 13 - 3x1x1 = - 1.

Keét ludn: Ham so da cho khong c6 cuc dai nao va c6 cuc ti€u duy nhat tai
M(1, 1) véi gia tri cyc tiéu zmin = — 1.

Ap dung trong Kinh té: Dé giai cac bai thuoc dang ap dung phép tinh vi
phan va dao ham riéng ham hai bién trong Kinh té hoc, ta thuong thuc hién cac
bude dudi day.

> Bude 1: Phan tich c4 yéu td trong dé dé thiét 1ap cac ham kinh té can

thiét va chuyén van dé kinh té vé bai toan toan hoc thuan tay.
» Buwérc 2: Giai bai toan toan hoc tuong ting do.
> Budc 3: Dién giai cac két qua tir bai toan toan hoc trd vé van dé kinh té
ma dé ra yéu cau.

Vi du 7: Mot doanh nghiép san xudt va doc quyén tiéu thy mot loai san pham
tai hai thi truong khac nhau voi don gia cho mdi san pham tai timg thi truong
1an luot 14 p1 = 700, p2 = 550 (don vi tinh: nghin VND). Gia sir tong chi phi
san xuat cua doanh nghiép dé nhu sau

C=Q*+Q0Q,+Q2+50Q,+300; Q >0,Q,>0.

O day Q1, Q2 1an luot 1a lugng san pham tiéu thy & timg thi truong. Hoi doanh
nghi¢p do can ti€u thu bao nhi€u sdn pham ¢ moi thi truong dé t61 uu hoa loi
nhuan.

Doanh thu R va lgi nhuén & cua doanh nghi¢p dé dugc cho boi

R =700Q, +550Q,; Q >0,Q, >0.
n=R-C = 700Q, +500Q, -Q? —-QQ, —Q?-300; Q,>0,Q, >0.

Van dé xac dinh muc tiéu thy san phém ctia doanh nghiép do tai mdi thj trudng dé
toi wu hoa lgi nhuan quy vé bai toan cuc tri (tw do) nhu sau: Tim Q1, Q2 khdng am
sao cho ham

=R - C = 700Q, +500Q, -Q? —-QQ, -Q?—-300; Q >0,Q,>0

dat cuc dai.

Bay gid ta giai bai toan twong tng va kha don gian nay. Pé tién, ta dat

Khi d6, cac dao ham riéng cép 1, 2 cia @ nhu sau
7, =700-2Q,-Q,, 7,=500-Q,-2Q,, =, =-2, n, =—1, 7, =—2;
Q >0,Q,>0.

Ta tim diém ding
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{nl' =700-2Q-Q, _ {Ql = 300;

7, =500—Q, - 2Q, Q, =100.

Ta duoc diém dung duy nhat M(300, 100). Tai diém dimg nay ta tinh duoc
A=C=-2<0,B=0-1,A=AC-B?=3>0.

Do d6 & dat cuc dai duy nhét tai M(300, 100) voi gia tri cuc dai mmax = 129.700.

Két luan: Khi doanh nghiép dé tiéu thu Q1 = 300 san pham & thj truong thi nhat, Q2

=100 san phdm & thi truong th hai thi s& dat loi nhuén tdi da 1a
Tlmax — 129,7 triéu VND.

2.3. Ap dung DHR dé tlm cuc tri co diéu kién cia ham 2 bién va phan tich
t0i wu trong Kmh té
a) Khai niém vé cwe tri cé diéu kién: Xét ham s6 hai bién z = f(x, y) xac
dinh trén mién phang D kém véi diéu kién bo sung gitta hai bién x, y cho bai
phuong trinh (X, y) = 0. Gia sit (Xo, Yo) 1a mdt diém trén D va théa man dicu
kién da cho, tirc 1a @(Xo, Yo) = 0.

> Tanoi ham z = f(x, y) dat cuee tiéu véi diéu kién o(X, y) = 0 tai (xo, Yo) néu
f(x, y) > f(Xo, Yo) v6i moi diém (x, y) nam trong mot 1an cén cua (xo, Yo),
thudc D va thoa mén diéu kién di cho. Luc do, ta cling néi (xo, Yo) 1a mot
diém cye tiéu voi diéu kién o(X, y) = 0 va zo = f(Xo, Yo) goi 12 mot gid tri
cuc tiéu voi diéu kién da cho ciia ham sd dang xét. Haim o(x, y) & vé trai
cta diéu kién goi 1a ham xdc dinh diéu kién cua cyc tri.

> Tanoi ham z = f(x, y) dat cuc dai véi diéu kién o(X, y) = 0 tai (xo, Yo) néu
f(x, y) < f(Xo, Yo) v6i moi diém (x, y) nam trong mot 1an cén cua (xo, Yo),
thudc D va thoa mén diéu kién da cho. Luc do, ta cling néi (xo, Yo) 1a mot
diém cuc dai véi diéu kién o(X, y) = 0 va 2o = f(Xo, Yo) goi 1a mét gid tri cuec
dai véi diéu kzen dd cho cia ham sd dang Xét.

» Cac diém cuc tiéu hay cuc dai véi diéu kién con goi chung 1a diém cuec tri
diéu kién, cac gia tri cuc tiéu hay cuc dai véi diéu kién con goi chung la gia
tri cue tri diéu kién ctia ham dang xét. Ham sd dat cyc tiéu hay cuc dai voi
diéu kién cling goi chung 1a dat cuc tri diéu kién.

b) Thuit toin tim cwe tri diéu kién
Bai toan co ban: Cho ham hai bién z = f(x, y) va ham diéu kién (X, y) Xac
dinh va kha vi lién tuc dén cap 2 trén mién phang D. Tim cyc tri diéu kién
(néu co) cua z = f(x, y) véi diéu kién @(x, y) = 0.

Chu v Poi khi mién xac dinh D chua duoc chi ra va can phai tim tir su co
nghia cua bi€u thirc xac dinh cia z = f(x, y) va @(X, y).

Phwong phap nhan tir Lagrange

Y twéng co ban cia thudt todn nay la ding ham bo tro Lagrange dé quy bai
todn tim cwc tri diéu kién cua ham z da cho vé tim cuc tri tw do cua ham
Lagrange. Cy thé, ta tién hanh cdc bude dwdi day.
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e Buéc 1: Tim mién xdc dinh chung (néu cdn) cia z = f{X, y) va (X, y). Ldp
ham Lagrange L = L(x, y) = z(X, y) + A¢(X, V), A la nhdn tr Lagrange, roi
tinh cdc dao ham riéng cdp 1, 2 ciia L theo x, .

e Buéc 2: Gidi hé 3 phwong trinh 3 én A, x, y sau ddy

L, =2, (X ¥)+ ¢, (X, y) =0
L, =2,(x,¥)+2¢,(x,y)=0
(X, Y) =0

dé tim nhan tw A va cac diém dung twong ung.

> Néu hé vé nghiém, tirc la khong cé diém dimg nao. Ta dirng thudt todn va
két lugn ham sé z khong co cuc tri voi diéu kién da cho.
> Néu hé c6 nghiém thi méi nghiém, tirc la mét bé ba (Ao, Xo, Yo) ndo dé, cho
ta mét nhan tr A = Aova mét diém dieng tiwong ving Mo(Xo, Yo). Ta cdn lam
tiép buéce 3.
e Bude 3: Kiém tra diéu kién cé cuc tri diéu kién tai tng diém dung va nhan
tw twong ung.
Chdng han xét diém dieng Mo(Xo, Yo) 1tng voi nhén tir Ao. Tatinh dinh thir Hesse
(hay Hessian) H tai Mo voi Ao twong ung, o ddy

L. Ly @
H=IL, L, | voix=xo,Y=Yo A= Ao
¢ ¢, 0

> Néu H > 0 thi diém Mo la diém cuc dai c6 diéu kién voi zmax = 2(Xo, Yo).
> Néu H < 0 thi diém Mo la diém cuee tiéu cé diéu kién véi zmin = 2(Xo, Yo).
> Néu H = 0 thi chiea thé két ludn gi vé diém Mo ma cdn xem xét, phan tich
thém cac thdng tin khéac.
e Budc 4: Tom tat két qua va két ludgn vé cuc tri diéu kién cia ham sé da cho.

Nhdn xét. Neu diéu kién géc chwa cé dang o(x, ) = 0 ma chi cé dang X, y)
= B(x, y) thi can bién doi: a(x,y) = X, y) < alX, y) — ﬁ(x y) =0, roi dat vé

trai 1a (X, y). Khi tdp xdc dinh D chwa dwoc chi ré thi can xdac dinh D ngay
truede khi ldp ham Lagrange.

¢) Vidu 8: Tim cuc tri ciia ham z = 6 — 4x — 3y véi diéu kién x2 +y> =1
Gidi
T rgm'c hét ta can dwa diéu kién vé dang vé phdi triét tiéu dé nhan duoc ham
diéeu kién
X+y?=1ox2+y?-1=0.
Ta dwoc ham diéu kién ¢(x,y) = X2 + y? — 1. RO rang ham nay cing véi z da
cho déu xdc dinh trén toan bé mat phang R*. Ham Lagrange nhu sau
L=L(X,y)=6-4x -3y + A x> +y>-1).
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Ta tinh cdc dao ham riéng cdp 1, 2 cia L va cdc dao ham riéng ciia ham diéu
kien @. Cu thé tai moi diém (x, y) va moi nhan tir A, ta c
Lx=—4+2X=2(AX-2); Ly=-3+2ly=2y-3;
L,=24= L"y2 (khéng phu thudc x, y);
Ly = 0 (hdng s6 khong phu thudc x, y va 2);
@’x = 2x (khong phu thugc y), ¢’y = 2y (khong phu thugc x).
Ta tim cac diém dung va nhan tw Lagrange twong ung
Z,(X,y)+ @, (X, y) =0 L, =0 Ix-2=0 ()
Z,(xY)+p,(x,y)=0 <= {L, =0 < 124y-3=0 (2
(X, ) =0 o(X,y) =0 x*+y* =1 (3)

Dé gidi hé nay, thuwong thirong ta sé rit x, y theo A tir (1), (2) réi thay vao (3)
dé tim A. Sau do thé tré lai dé tim x, y. Cu thé ta cé

2
X=—
1 .
{((2)) PN g (Hién nhién la A #0)
yzﬂ
Thay x, y trong biéu thitc trén vao (3) ta dwoc
5
2 2 A=—_;
2V (32 st e 2= 2 o 2
A 24 4 5)
//L:E.

5 . S . .
Nhuw vay, ta dwoc cap nhan twr Lagrange phan biét 21 = 5 va A2 = > T do,
ta nhdn dwoc cdp diém dimg twong vmg nhiwe dwdi day.
> M =—5/2 cé diém ding tiwong g Mi(— 415, — 3/5).
> o =5/2 c6 diém dieng twong g Ma(4/5, 3/5).
Bay gio ta ding Hessian dé kiém tra diém dirng M1 véi nhdn tir Lagrange A1
twong g va diém Ma véi nhdn tir Lagrange Ja.
» Voi l1=-5/2va Mlg— 4/5, — 3/5) ta tinh duwoc H = 20 > 0. Do do z dat
cuce dai tai M1 voi diéu kién da cho va Zmax = 2(M1) = 11.
> Voi Ao = 5/‘2 va Mz(4/5, 3/5) ta tinh dwoc H= 0— 20 < 0. Do do z dat cuc
tiéu voi diéu kién da cho tai M2 va Zmin = 2(M2) = 1.

Két lugn: Trong diéu kién x* + y?> =1, ham z = 6 — 4x — 3y dat duy nhdt mét

. 4 3 R i
cuce dai diéu kién tai M1(—g ,—g) vOi Zmax = Z(M1) = 11 va duy nhat mot cuc

. . 4 3
tiéu diéu kién tai Mz(g ,g) VOi Zmin = Z(M2) = 1.
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d) Nhan xét vé phwong phap thé tim cuc tri ¢6 diéu kién: Khi didu kién
@(x, y) =0 co thé giai d& dang dé biéu dién y = y(x) theo x (hodc x = x(y) theo
y) thi ta c6 thé thé Y =y(x) (hodc x = x(y)) vao z dé duoc ham 1 bién x (hodc
y). Bai toan quy vé tim cyc tri ham 1 bién z = f(x, y(x)) hodc z = f(x(y), y).

Vi du 9: Tim cyc tri (néu c6) cia ham s6 z = x2 + 2y voi diéu kién x2 —y = 1.
Giai Pidukién x2—y=1<y=x%?—1. Thay vao z ta dugc:
Z=x2+2(x*-1)+1=3x>—
Bai toan quy vé tim cuc trj (tw do) cia ham (1 bién) z = 3x% — 1. Ta 1am nhu
thong thudng. Ta c6 z’(x) = 6x, z”’(x) = 6. Ham s6 chi c6 mot diém dimg x =0
tmg véiy= —1.Viz”> =6 >0 nén z dat cuc tiéu tai M(0, — 1) v6i zmin = — 1.
Két luan: Trong diéu kién x2 —y = 1, ham z khong c6 cuc dai diéu kién nao va
dat cuc tiéu diéu kién duy nhét tai diém M(0, — 1) vO1 zmin = — 1.

e) Vi du 10 (T6i wu héa loi ich trong diéu kién ngan sach chi tiéu co
dinh & lwong cau Marshall): Xét hai loai hang héa X, Y trén thi trudng
Vo1 gia cua mdi don vi hang héa X, Y lan luot 12 5USD va 20USD. Gia st
ham g1 ich dugc cho b1 U = (x + 3)y; x > 0, y > 0. Hay chon tii hang (x, y)
dé t6i wu hoa loi ich trong diéu kién ngan sach danh cho tiéu ding 12 185USD.

Giai
Mbi tai hang (X, ) deu phai thoa man diéu kién ngan sach 5x + 20y = 185
(USD). Do d6 véan dé téi wu héa loi ich quy vé bai toan tim cuc dai diéu kién
cia ham lgi ich U= (x + 3)y; x>0, y > 0 véi diéu kién 5x + 20y = 185.
Piéu kién trén tuong duong véi

5x+20y-185=0<x+4y-37=0

Céch 1 (Dung phwong phadp nhan tir Lagrange)

Pat o(x,y) = X + 4y — 37 (vé trdi cua diéu kién cudi ciing) va xét ham Lagrange
L=LXYy)=U+ Ap(X,y) =X+ 3)y + A(x + 4y —37); x>0,y >0.

Cac dao ham riéng cua L va ¢.

Lx=y+ A Ly=x+3+44 L"«=0=L"y, Ly=1; x>0,y 2>0.
ox=1 oy=4; x>0,y >0.

Ldp hé phwong trinh xdc dinh diém dirng va gidi hé ta dwoc

L, =0 y+i =0 1 =5
|_'y —0 < {X+3+41 =0 & {x=1T:
o(x,y)=0 X+4y—-37=0 y=5.

Ta dwoc nhan tir Lagrange A = — 5 duy nhat va diém dirng duy nhdt twong iing
la M(17, 5).

Ta tinh Hessian dé kiém tra diém ding Mva A. Vi L' ’x=0=L""y, L' y=1
Va o’x =1, @y =4 (hang sé khong phu thudc x, y, A) nén ta dwoc
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L. Ly @ 011
H=L, L, ¢|=1 0 4=8>0.
o ¢, 0 1 40

Nhuw vay la, trong diéu kién (5.4.1), ham loi ich dat duy nhat mét cuc dai diéu
kién tai M(17, 5) voi Umax = (17 + 3)5 = 100.

Ta chl Y rang vi U kha vi lién tuc (trén mién phdng {(x, y) S R?/x >0,y >0}va
chi dat duy nhat mét cuc dai diéu kién ma khong dat curc tiéu diéu kién nén gid
tri cuee dai diéu kién do cung la gia tri lon nhdt cia U trong diéu kién dang xét.
Ta tré lai két ludn van dé ciia Kinh té: Tii hang (x =17, y = 5) lam t6i wu héa
loi ich Umax = 100 trong diéu kzen ngan sach (5.4.1). O day, x = 17, y =5

trong Kinh té dwoc goi la lwong cau Marshall tirong iing.

Céch 2 (Dung phuong phap thé)
Piéu kién 5x + 20y — 185 = 0 < x + 4y — 37 = 0 ¢6 thé dé dang giai dé rut
dugc x theo y. Cu thé
X+4y —-37=0< x=37-4y.
Picu kiénx >0,y >0chota0<y < 37/4,
Thay vao ham U ta dugc
U= (x+3)y=(37-4y + 3)y & U = U(X) = —4y? + 40y.
Ta can tim y €[0, 37/4] dé Umax.
Taco
U =-8y+40,U” =-28;
U =0&-8y+40=0<« y=>5 (nhan) = x = 37 — 4x5 = 17 (nhan).
ViU”’(5)=0-8<0nén U dat cuc dai taiy =5 v&i
Umax = U(5) = — 4x5? + 40x5 = 100.
Két luan: Vi tai hang hoa (x = 17, y = 5) thi loi ich t6i da Umax = 100.

f) Vidu 11 (Téi wu héa chi phi trong diéu ki¢n loi ich khéng déi & lwong
cdu Hick) Gia s ngueoi tiéu dung co ham loi ich U =xy + 2x; x 20, y >0
(x, v lan lwot la lwong tirmg loai hang héa). Gia cua tung logi hang la p1 =
4USD, p2 = 9USD. Gia sur nguoi tiéu dung muon thy hwrong mure loi ich co
dinh Uo = 900. Hay t6i wu héa chi phi va xdc dinh lwong cau Hick twong iing.
Giai
Voi moz tii hang (x, y), chiphitieudung la C=4x+9y; x>0,y >0. Vin dé
kinh té tro thanh bai todn cuc tiéu diéu kién sau: tim (x, y) dé C = 4x + 9y
cuee tiéu véi diéu kién Ulx, y) =xy + 2x =900; x 20,y =0.

Ta gidi bai toan nay bang phuwong phap Lagrange. Ta co
Xy + 2x =900 < xy + 2x — 900 = 0.

Ham diéu kién: @ = xy + 2x — 900.

Ham Lagrange: L =4x + 9y + A(xy + 2x — 900)

Cdc dgo ham riéng cua L va ¢
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Lx=4+ Ay +2),Ly=9+ Ax; x>0,y =>0.
L”XX=0:L”yy,L”Xy:/1; X20,y20
Px=y+2, ¢y=Xx; x>0,y >0.

Tim diém dirng

L, =0 4+ 2(y+2) =0 2=-0,2:
L, =0 &< 9+ax =0 & 4 x=45
o(x,y)=0 Xy +2x =900 y =18.

Nhue vay la chi ¢6 duy nhat mot diém disng M(45, 18) iing véi nhén tir Lagrange
duy nhat 2 =-0,2.

Kiém diéu kién cuc tri tai diém M(45, 18) va 1 =—-0,2, ta cd
L =L"yy=0L"y=-02, p’x=20, ¢y=45;

Ly Ly @ |0 -02 20
H=1L, L, ¢|=[-02 0 45=-360<0.
e ¢, 0 20 45 0

Do dé M(45, 18) la diém cuec tiéu diéu kién véi Cmin = 342USD.
Két lu@n vén dé kinh té: Dé chi phi t6i thiéu, lwong cau Hick twong g phdi
la x= 45, y = 18. Liic dé chi phi C = 342USD nhé nhit.

Vi du 12 (T6i da héa san lwgng trong diéu kién ngan sach ¢ dinh)
Mot doanh nghiép canh tranh thuan tiy c6 ham san xuat 1a Q = K(L + 5). Biét
rang gia thué mot don vi vén 1a wk = 5USD, gia thué nhan céng gia wi = 10USD
va doanh nghiép san xuét trong diéu kién ngan sach ¢ dinh B = 950USD. Xac
dinh luong cau Marshall ctia von va nhan céng ma doanh nghiép can st dung
dé t6i da hoa san luong.
Giai
Goi K 1a lugng vén, L 14 lugng nhan c6ng ma doanh nghiép can sir dung. Khi
do diéu kién ngan sach ¢ dinh B = 950USD tré thanh
S5K+10L=950 <& K+2L-190=0.
Van dé kinh té cia doanh nghi¢p duogc dua vé bai toan: chon K, L (K>0,L>
0) dé ham Q = K(L + 5) cyc dai trong diéu kién K + 2L — 190 = 0.
Ta c6 ham diéu kién ¢ = (K, L) = K + 2L — 190. Vi diéu kién giai dugc ngay
K = 190 — 2L nén ta dung phuong phap thé. Thay vao Q ta duoc
Q = (190 — 2L)(L + 5) = —2L2 + 180L + 950 (ham 1 bién L)
Ta c6 Q’ (L) =—4L + 180; Q”(L) = — 4 < 0 (v6i moi L > 0). Boi thé Q chi c6
thé dat cuc dai.
QL)=0=-4L+180=0<=L=45(>0)= K =190-2.45=100 (> 0).
Do d6 Q dat cuc dai tai L =45, tuong g K = 100 voi
Qmax = Q(100, 45) =100(45 + 5) = 5000
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Két luén van dé kinh té: Trong d@éu kién ngan sach cd dinh B= 950USD, doanh
nghiép do6 can su dung luong von K = 100 va L = 45 nhan cong dé toi da hoa
san lugng Qmax = 5000 (san pham).

BAI TAP

2.1. Mot doanh nghiép san xuat va kinh doanh ddc quyén 2 loai san pham véi gia ban mbi don vi
san pham 14n luot 13 P1, P2 (don vi tinh: triéu VND). Gia str ham cdu cia hai loai hang héa d6 1a
P1=90- Q1+ Q2 P2=160 + Q1 — 2Q>.
Cho biét chi phi ciia doanh nghiép 1a
C =C(Q1, Q2) =20Q1% + Q1Q2 + Q2> —1000; Q1 >0, Q2 > 0.
Tim muc san lugng cua tung loai hang hoa dé tbi da hoa lgi nhuan.
2.2. Mot doanh nghiép san xuat va kinh doanh ddc quyén 2 loai san pham véi gia ban mdi don vi
san pham d6 1an luot 14 P1, P2 (don vi tinh: triéu VND). Gia sir ham cau d6i v6i hai loai hang héa
do duoc cho badi
) P1=20—-Q1+ Q2, P2 =55+ Q1 —2Qo.
Cho biét chi phi ciia doanh nghiép 1a
C =C(Q1, Q2) =2Q1* + QuQ2 + Q2* +25; Q1> 0, Q2> 0,
Xac dinh muc san lugng Q1, Q2 dé tdi wu hoa loi nhuan cua doanh nghiép.
2.3. Xét hai loai hang héa X, Y trén thi trudng voi gia ciia mdi don vi hang héa X, Y 1an luot
la 50USD va 200USD. Gia st ham loi ich dugc cho boi U = (x +30)y; x 20, y=0 (x,yla
luong hang hda X, Y tuong tmg). Hiy chon tui hang (x, y) dé tdi uu hoa loi ich trong diéu
kién ngan sach danh cho tiéu dung 1a 1850USD. Xac dinh lwong ciu Marshall twong tng
cua X, Y.

2.4. Xét hai loai hang hoa X, Y trén thi truong voi gia ctia mdi don vi hang héa X, Y 1an luot
la 100USD va 25USD. Gia st ham loi ich dugc cho bdi U = x(y +15);x>0,y>0(x,y la
luong hang héa X, Y tuong tng). Hiy chon tai hang (x, y) dé t01 uu hoéa loi ich trong diéu
kién ngan sach danh cho tiéu dung 1a 925USD. Xac dinh luong cau Marshall twong tmg cua
X, Y.
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3.Nguyén ham, tich phéan bat dinh va ing dung trong kinh té

3.1. Nguyén ham, tich phén bét dinh va bang nguyén ham cia mét s6 ham
so’ cap co ban
a) Nguyén ham: Ham s6 F(x) dugc goi 12 mot nguyén ham ciia ham sé f(x) trén
tap xac dinh D néu F(x) kha vi trén D va dao ham cua F(x) 1a f(x), tic la
F’(x) = f(x), vxeD.
b) Tich phén bit dinh (Ho nguyén ham): Tap hop tét ca cic nguyén ham cua
ham s6 f(x) dugc goi 1a ho nguyén ham hay tich phan bat dinh cua f(x) va ki hiéu
la I f (x)dx .
Nhu vay, néu f(x) c6 mot nguyén ham 1a F(x) trén D thi tich phan bt dinh cua
no la
I f(x)dx = F(x)+C,¥x e D (C 1 hang sd tuy ¥)
¢) Tinh chat ciia tich phan bat dinh va bang tich phan bat dinh ciia mot
s0 ham so cap co ban

[T 00+ g(0Idx = [ f (x)dx+ [ g(x)ax [k ()dx =k f (x)dx; k 1a hang s0

a+l d

Ix“dx= X +C az-1 j—X=|n|X|+C
a+l X

jaxdx= 2 iC: 0<a=xl jexdx:eX+C
Ina

d) Vidu 13: I(3x2—8x+10)dx=x3—4x2+10x+C; Ie3xdx:%e3x+c.

3.2. Ung dung tich phan bat dinh trong Kinh té

a) Xac dinh quy von theo lwong dau tw: Gia st viée dé du tu kinh doanh ciia
mot doanh nghiép duogc tién hanh lién tuc theo thoi gian. Goi K(t), I(t) lan luot
1a qui von va luong dau tu tai thoi diém t cia doanh nghiép d6. Cho t bién thién
trong mot khoang thoi gian nhét dinh ta nhan dugc ham quy von K = K(t) va
lugng dau tu I = I(t) theo mot blen (thoi gian) t. Ta ciing thudng cho bién thoi
gian t khong am, tic la cho t Xudt phat tir thoi diém to = 0. Tuy nhién d6i khi
cling xét thoi diém xuét phat 13 to tay V.

R& rang, lugng dau tu I(t) tai thoi diém t chinh la luong b sung (gia tang) cua
quy Von tai t. Noi khac di, I(t) chinh 14 toc d6 gia ting tirc thoi (hay bién té) cia
qui von K(t). Tte 1a K’(t) = I(t); Vt > 0. Tir d6 ta co

K(t) = f I (t)dt.

o day, hang s6 C trong tich phan bat dinh chinh 14 quy vn ban dau Ko = K(0) tai
thoi diém to = 0 (von gbc).

Tém tit 1y thuyét va bai tap 18



Tai liéu on thi TS cao hoc mén Toan PGS TS Lé Anh Vii

b) Xac dinh ham tong biét ham cin bién: Xét mot bién sb kinh té bt ky mang
y nghia tong gia tri (ching han tong chi phi C, tong doanh thu R, tong loi nhuin
7, ... Khi d6, néu biét ham gia tri can bién (chang han chi phi can bién, doanh
thu can bién, 1gi nhuan can bién, ...) thi dé dang tinh duoc ham tong giatri bang
cach 1y tich phan bt dinh ctia cac ham c4n bién. O ddy, can luu ¥ rang hang sb
C trong céc tich phan bat dinh s& dugc xac dinh khi cho thém maot diéu kién bd
sung ma dugc goi la diéu kién dau.

3.3. Cacvidu
a) Vi du 14: Gia sit mot doanh nghiép c6 luong dau tu (don vi tinh: triéu ddng)
theo thoi gian t cho bai I(t) = 210t>7; t > 0. Hay xac dinh quy von theo thoi gian ciia
doanh nghiép do biét ring quy vén ban dau 1a Ko = 120 (triéu dong).

Giai Quy von theo t la
1,75

K(t) = f I(t)dt =210 [t*™dt =210 xi[? +C=120t""+ C; t> 0.

Vi qui von ban dau (thoi diém t = 0) 12 Ko = 120 nén ta c6
K(0) = Ko < 120x0 + C < C = 120.
Viy quy von theo thoi gian ctia doanh nghiép d6 1a
K(t) = 120t%7° + 120; t > 0.
b) Vi du 15: Gia sir chi phi can bién ctia mot doanh nghiép & mdi mirc san lugng
Q duoc cho bai ham MC = 30 — 40Q + 9Q?. Biét rang doanh nghiép c6 chi phi cb
dinh (Fixed Cost) la FC = 100. Hay xac dinh tong chi phi TC va chi phi kha bién
(Variable Cost) VC = TC — FC (tirc 1a phan chi phi bién d6i phu thudc vao san luong)
theo Q (don vi tinh: triéu dong).
Giai
TC=TC(Q) = f MCdQ = f (30— 40Q +9Q%)dQ
= 30Q - 20Q? + 3Q® + C.
Chi phi ¢6 dinh 1a chi phi ma doanh nghiép phai chi tiéu ngay ca khi khong san xuat,
tirc 1a khi Q = 0. Noi1 cach khac,
FC = TC(0) < TC(0) = 100 < C = 100.
Vay tong chi phi la TC = 100 + 30Q — 20Q? + 3Q3; Q > 0.
Suy ra chi phi kha bién 1a VC = TC — FC = 30Q — 20Q? + 3Q%; Q > 0.
¢) Vidu 16: Gia sir luong dau tu tai thoi diém t cho boi I =I(t) = 180t%8, t > 0.
Hay xac dinh quy vén biét rang v6n ban dau 1a 200.
Giai
Quy vbn xéac dinh boi
K(t) = f | (t)dt = f 180t°®dt =100t +C; t > 0.

Vi von ban dau 1a K(0) = C =200 nén K(t) = 100t"8 + 200; t > 0.

d) Vi du 17: Gia st chi phi cin bién ctia mot doanh nghiép & mdi mirc san lugng
Q duge cho bi ham MC = 450 — 600Q + 135Q%. Biét rang doanh nghiép cé chi
phi ¢6 dinh 1a FC = 1000. Hay xéc dinh tong chi phi TC va chi phi kha bién VC =
TC — FC theo Q (don vi tinh: triéu dong).
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Giai
TC=TC(Q) = f MCdQ = f (450 —600Q +135Q%)dQ
= 450Q — 300Q? + 45Q% + C.
Chi phi ¢6 dinh 13 chi phi ma doanh nghiép phai chi tiéu ngay ca khi khong san xuit,
tic 1a khi Q = 0. Noi cach khac,
FC =TC(0) & TC(0) = 1000 < C = 1000.
Viy tong chi phi 1a TC = 1000 + 450Q — 300Q2 + 45Q3; Q > 0.
Suy ra chi phi kha bién 1a VC = TC — FC = 450Q — 300Q? + 45Q3; Q > 0.

BAI TAP

3.1. Ap dung tich phan bat dinh giai quyét cac van dé kinh té dudi day.

a) Tim ham tong chi phi theo san luong Q biét chi phi ¢o dinh 1a 100 (tri¢u dong) va
ham chi phi can bién MC = 3Q? + 4Q (don vi tinh: triéu dong).

b) Tim qu§ vén theo thoi gian t biét von ban dau 13 5 va luong dau tu I = 463 + 3t2 + 2t
(don vi tinh: ti dong).

3.2. Ap dung tich phan bat dinh giai quyét cac van dé kinh té dudi day.

a) Gia sir lugng dau t tai thoi diém t dugc xac dinh béi ham s6 1= 140t%™. Cho biet
thém rang quy von tai thoi diém xuat phat la K(0) = 150. Xac dinh quy von theo thoi
gian t (don vi tinh: tri¢u dong).

b) Gid st ¢ mure san lugng Q, chi phi cén bién la MC = 25 - 30Q +9Q2 va chi phi ¢b
dinh FC=55. Xac dinh ham tong chi phi (don vi tinh: triéu dong).

c) Gia sir & m§i murc sén lugng Q doanh thu can bién la MR = 60 — 2Q - 2Q2.‘ Hay xac
dinh ham tong doanh thu va ham cau doi vai san pham (don vi tinh: triéu dong).

3.3. Ap dung tich phan bat dinh giai quyét cac van dé kinh té dudi day.

a) Gia stir ham ti€u dung cén bién (Marginal Propensity to consume) phy thudc vao muc
thu nhap Y boi ham so MPC = 0,6 + 0,1Y~ ™). Hay xac dinh ham tiéu dung C(Y)
theo thu nhép Y bi€t rang muc tiéu dung thi€t yeu (tirc la ti€u dung bat bugc phai chi
ca khi khong co6 thu nhap) 1a 50 (don vi tinh: ti dong).

b) Gia sir & moi mirc san lugng Q, chi phi can bién 12 MC = 3. Tim ham chi phi
C(Q) biét chi phi ¢6 dinh 1a Co = 90 (don vi tinh: tri¢u dong).

3.4. Ap dung tich phan bat dinh giai quyét cac van dé kinh té dudi day.

a) Cho ham xu thé can bién cua tiét kiém (Marginal Propensity of Saving) phu thugc
vao muc thu nhap Y boi ham MS =0,5-0,1Y~ 05, Tim ham tiét ki¢m S(Y) theo thu
nhdp Y biét rang S = 0 khi Y = 81 (don vi tinh: triéu dong).

b) Cho bié’to & mdi muc tong thu nhap quoc dan Y (don vi tinh: ti USD), ham xu hudéng
nhap khau can bién 1a MI = 0,1. Tim ham nhép khau I(Y) biét rang 1(20) = 20.
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PHAN 2

XAC SUAT & THONG KE TOAN HQC

1.LY THUYET MAU
1.1. Tong thé va miu
1.1.1. Tong thé: Tap hop tat ca cac phan tir ma ta quan tim nghién ctru trong bai
toan théng ké nao d6 duoc goi 1a tong thé. S6 phan tir cua tong thé duoc goi 1a dan
s6 cta tong thé. Dan sb thuong 13 16n — c6 thé vo han.

1.1.2. Mau: Mot tap con cac phan tir dugc ldy ra tir tong thé theo mot cach nao
dé dé phan anh trung thanh tong thé dugc goi 1a mdu. S6 phan tir cia mau dugc goi
la kich thuwdc mau hay ¢é mau . Kich thudc mau thuong 1a nhé hon nhiéu so véi dan
sO.

1.1.3. Phwong phap mau: Phuong phap mau 1a cach thire chiing ta phan tich dir
liéu trén mau roi rat ra két luan cho tong thé.

1.2. Phan loai miu
1.2.1. MAu dinh tinh: 13 miu ma ta chi quan tAm xem céc phan tir trong mau co
tinh chat T nao d6 hay khong. Khi d6 mau dugc cho ¢ dang:
- Kich thudc mau: n
- S6 phan tir ¢ tinh chat T cia mau: k (con goi 13 tan sb mau).

1.2.2. Miu dinh lwong (gin vdi mot PLNN X): 1a miu ma ta can quan tim xem
xét dén cac gia tri ma PLNN X c6 thé nhan trén timg phan tir trong mau. Khi d6 mau
dugc cho & dang :

- Kich thuéc mau: n

- (Gia tri cua cac phﬁn t0r: X1, X2, vy Xn

Néu mau c6 cac phan tir ¢ gia tri giong nhau thi thuong duoc cho ¢ dang bang
phan phdi tan s6 miu nhu sau:

X ‘ X1 X2 ... Xm

Tansd | m n ... Nm

O day, n; 13 s6 phan tir cia mau ma X nhan gi tri x;. Néu n; 1a s6 phan tr ciia mau
cy , \ , A ey \ a;
nhan gia tri trong khoang (a; , b;) thi ta xem ching nhan gia tri chung la X; = —5—
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1.3. Céc diic trung clia miu
1.3.1. Pic trung ctiia mau dinh tinh

K
n

- Tan suat mau (hay la ty 1& mau): f=

Vi du 1. Tru6e ky bau ctr, nguoi ta phong van 1575 ct tri thi thiy c6 1212
nguoi trd 101 1a ung ho tng cu vién X. Tim ty I¢ mau ting hd ing ctr vién X.

Vi du Z.Ngu’éri ta bat duoc 1290 con cé4, danh dau ré)i,thé lai vao hd mr('rc.~ Sau
mot th(‘;i gian bat lai 250 con thi thay c6 32 con bi danh dau. Hay tim ty 1¢ mau bi
danh dau.

1.3.2. Cac dic trung ciia mau dinh lwong

Cho mau dinh lvong duéi dang thu gon

X)) | x X2 .. Xk
Tansd(m) | m n, .. Ni

Ta c6 cac dic trung mau nhu sau

Trung binh mau X =

S|

m
Z X |
=1

e Phuong sai mau

o7 w2 - 1o 1 i
o= Xc—(X)* = ﬁ;xi n. — ﬁlexini
1= 1=

e Do léch chuan mau |0, n :\/an

. oox ‘A , n
e Phuong sai miu hiéu chinh |S? =07, =—— 07
' n-1

2
n—1

e D06 léch chuan mau hiéu chinh [S = Sx = Xon_1 = O, 1=4/0
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CACH BAM MAY THONG KE

A. Dung CASIO fx-570MS

e Khéi dong chwong trinh thong ké

Nhin |MODE| [MODE| [1] Trén man hinh phia trén hién thi chit SD

e Xoa dir liéu théng ké cii SHIFT| [CLR| [I]

e Nap dir liéu
Nhén lan luot xq| [SHIFT] ] , ... cho dén khi hét dit lidu
Phia du6i bén phai man hinh hién thi kich thudce maun=...

e Goikét qua

- Kich thuéc miu (n)

SHIFT] [1 (S-SUM)| B 3 (Két qua hién thi phia dudi bén phai man hinh)

- Trung binh miu (X)

SHIFT] 2 (S-VAR) 1] H (K&t qua hién thi phia du6i bén phai man hinh)

- Do 1éch chuan miu hiéu chinh (on-1)

SHIFT] 2 (S-VAR) 3 H (Két qua hién thi phia du6i bén phai man hinh)

B. Dung may tinh CASIO fx-570ES

e Khéi dong chuwong trinh
Lén lwot nhin
- SHIFT MODE Mii tén di xudng trén phim "REPLAY"
- Chon 4: STAT. Trén man hinh hién thi chit: "Frequency?"
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Chon 1: on

MODE

Chon 3: STAT.

Chon 1: 1 — VAR. Trén man hinh hién thj hai cot: X va FREQ.

e Nhap dir li¢u

O cot "X": nhap cac gid tri dai dién ctia mau, cach nhau béi dau "bﬁng"
O cot "FREQ": nhap tan sd twong ing vai timg gia tri, cach nhau boi dau
"b.%ll’lg"

Sau khi nhap xong tit ca cac cot, nhan phim "AC".

e Goikét qua

Kich thuéc miu: Lan luot nhan

SHIFT S6 1
Chon 5: Var
Chon 1:n

Nhan "dau bang" va doc két qua & gdéc dudi bén phai cua man hinh.

Trung binh miu: Nhan lan luot

SHIFT S6 1
Chon 5: Var
Chon 2: X

Nhan "dau bang" va doc két qua ¢ gdéc dudi bén phai cua man hinh.

P 1éch miu hiéu chinh: Nhan lan luot

SHIFT S6 1
Chon 5: Var

Chon 4: Xon_1

Nhan "dau bang" va doc két qua & goc dudi bén phai cua man hinh.
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Vi du 3. Bé nghién ciru nhu cau mua gao & mot thanh phd, ngudi ta tién hanh

diéu tra mot s gia dinh va ghi két qua & bang sau day.

Nhu ciu S gia dinh Nhu cau S gia dinh
(kg/thang)
30-35 45 55-60 182
35-40 68 60 — 65 151
40— 45 103 6570 115
45-50 179 70-75 94
50 -55 208 75-80 55

a) Hay tinh cac dac trung mﬁu.
b) Tinh ti 1€ mau ¢6 nhu cau trén 60 kg/thang.
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2. LY THUYET UGC LUQNG VA KIEM PINH THONG KE
2.1. Ly thuyét wéc lwong thong ké
2.1.1. Ta chi xét wéc lwong khoang hai phia d6i xtrmg cho ti 1¢ va trung
binh ciia tong thé khi kich thuéc miu n>30, phwong sai tong thé chua

biét.

UGC LUQNG KHOANG POI XUNG
CHO Ti LE HAY TRUNG BINH TONG THE

UOC LUQNG TY LE

UGC LUQNG GTTB
(KY VONG)

Noi dung bai toan

Can nghién ciru ty 1& p cua cic phan
tir ¢6 1 tinh chit xac dinh nao d6 trén
toan bd téng thé. Can ¢t vao mot mau
dinh tinh c6 kich thuéec n (n>30)
hay dua ra mot khoang udc lugng
pe(p,p,) v6ido tin cdy 1-a di an

Can nghién ciru gi tri trung binh (ky
vong) a= E(X) cia mdt BPLNN X
trén toan bo tong thé. Can ctr vao mot
mau dinh luong kich thudc n
(n>30) hay dwa ra mdt khoang udc

luvong ae(a,,a,) voi do tin ciy 1-«a

dinh trudc. da an dinh trude.
Thuit toan giai
o k Budc 1: TB mau X
Ty 1€ mau | f =—(% ] . . x
y e mau | f =7(%) Tinh (cac)_ P léch chuén miu hicu
Trong d6, K 13 tn s6 mau. déc trung mau chinh S

Budc 2: Tra bang
Laplace, tim so
Z_ sao cho

” za}l—_a

5 2
Bwéc 3: Tinh do
chinh xéc (sai s6)
€

Buwédc 4: Duara
khoang uéc luong
va két luan bai = =
toan.

TN IR

S
=7 .—
5 <n

ae(a,a,) voi do tin cdy

pe(pyp,) Vvoi do tin cay

l1-«, Oday
p=Ff-e,p,=f+¢
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Chu y: Cac dang bai toan
e Biétdo tin cdy 1 — ava do chinh xac & tim kich thudc mau toi thiéu.
e Biét do chinh xac & va kich thuoc mdu, tim do tin cdy 1 — a.

2.1.2. Vi du 4: Kiém tra ngiu nhién 500 san pham ctia mot nha may thi thiy c6
360 san phém loai mgt. Hay udc lugng ti 1¢ san phém loai mgt ciia ca nha may
vo1 do tin cdy 95%.

2.1.3. Vi du 5: Tai mot khu rirng nguyén sinh, nguoi ta deo vong vao chan cua
1200 con chim. Sau mdt thoi gian bét lai 250 con thi thdy 40 con c6 deo vong.
Hay wéc luong sb chim trong khu rimg d6 véi do tin cay 99%.

2.1.4. Vi du 6: Diéu tra vé thu nhap ctia mot s6 cong nhan trong mot xi nghiép ta
duoc bang so li¢u sau day:

Thu nhap (triéu déng/thang) | Sb cong nhan
5 15
6 20
7 35
8 15
9 10
10 5

a) Hay udc luong thu nhap trung binh cua cong nhan toan xi nghiép vai do tin
cay 99%.

b) Nhitng ngudi ¢6 thu nhap trén 7 triéu dong/thang 1a ngudi c6 thu nhap kha.
Hay udc lugng ti 1€ cong nhan c6 thu nhap kha trong xi nghi¢p voi do tin cay
95%. Néu xi nghiép c6 1800 céng nhan thi sb cong nhan c6 thu nhap kha t6i
thiéu cua xi nghiép 1a bao nhiéu?
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2.2. Ly thuyét kiém dinh thong ké
2.2.1. Ta s€ xét kiém dinh mot tham so doi xing hai phia hoic mgt phia
cia (mot) tong thé va kiém dinh so sanh hai tham so ctia hai tong the.

KIEM PINH MQT THAM SO HAI PHIA
CHO TI LE HAY TRUNG BINH TONG THE

KIEM PINH TY LE KIEM PINH GTTB (KY VONG)

N§i dung bai toan

Bﬁng mot cach nao dc'),‘ ta dugc biét
rang ty 1&¢ p cua cac phan tir cua toan
bd téng thé c6 mét tinh chat xac dinh
nao do la p= p,. Hién tai, ta nghi ngo
rang p da thay doi. Pat gia thuyét
H:p=np,, dbi thuyét H:p=# p,.- Can
¢t vao mot mau dinh tinh kich thude
n (n>30) hay kiém dinh d¢€ chap nhan
H hay bac bo H v61 mtc ¥y nghia o da

Bang mot cach nao do, ta di biét rang
ky vong ciia PLNN X trén toan bg la
a=a,. Hién tai, ta nghi ngo rang a da
thay doi. Dit gia thuyét H :a=a,, dbi
thuyét H:a = a,. Can clr vio mot mau
dinh lugng kich thude n (n>30) hay
kiém dinh dé chap nhan H hay bac bo
H v&i muc y nghia « da an dinh
trudec.

an dinh trudc.

Thuit toan giai

i Bude 1 -TB mau X
Ty 1é mau f Tinh (cac) - B0 1éch chuan mau hiéu
dac trung mau chinh S=o0,

Budc 2: Tra bang Laplace,
tim s0 Z, sao cho
2

l1-«
zZ |=—=
¢[ z‘j 2

f—p,)vn Budc 3: Tinh gid tri tiéu
- chuén cua kiém dinh Z,=

Buérc 4: So sanh va két luan kiém
dinh vé1 mtrc y nghia o.
- Néu |Z,|<Z, thi chép nhan H.

2

- Néu |Z,|>Z,, thi bac bo H
2
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KIEM DINH MQT THAM SO MOT PHiA
CHO TI LE HAY TRUNG BINH TONG THE

KIEM PINH TY LE KIEM PINH GTTB (KY VONG)

N§i dung bai toan

Béng mot cégh nao do, ta da biét réng Béng mdt cach nao do, ta da biét r}ing k}‘f
ty 1€ p cac phan tir cia toan bd tong thé vong cua DPLNN X trén toan b tong the
c6 mot tinh chat xac dinh nao do la la a=a,. Hién tai, ta nghi ngo rang a
p =P, . Hién tai, ta nghi ngo rang p da da thay d6i. Dat gia thuyét H:a=a,,
thay dm_.Dat gla thuyet_H 1p=p,, doi d6i thuyét H:a>a, (hay H:a<a,).
thuyét H:p> Po (hay H:p<p,). Can Can c vao mot mau dinh luong kich
cur vao mot mau dinh tinh kich thudc thude n (n > 30) hay kiém dinh dé chép
n (n=30) hay kiém dinh dé chap nhén nhan H hay bac bé H v4i muc y nghia o

H hay bac bo H v61 mtic ¥y nghia o da d3 4n dinh trudc.
an dinh trudc.

Thuit toan giai

] Buérc 1 -TB miu X 7
Ty 1é mau f Tinh (CaC)~ -bo 1éch chuan mau hiéu
dac trung mau chinhS=o,

Buwéc 2: Tra bang
Laplace, tim s6 Z, sao

cho qo(Za):%—a

(f- P, )N Bu’éx'c 3:7 Tin}; gid trj tiéu (Y_ao)\/ﬁ
chuan cua kiém dinh Z,=—F—

Budérc 4: So sanh va két luan kiém

dinh v&1 mirc y nghia a.

-Khi H:“>” néu z,>Zz, thibac

b6 H, nguoc lai chap nhan H.

-Khi H:“<”,néu z, <-Z,, thi bac

bo H, nguoc lai chép nhan H.
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BAI TAP

1. Po duong kinh ctiia mot s6 chi tiét do mot may san xuat, ta c6 bang so li¢u sau:

Puong kinh (mm) S chi tiét
19,80 - 19,85 3
19,85-19,90 S)
19,90 - 19,95 16
19,95 - 20,00 28
20,00 — 20,05 23
20,05 - 20,10 14
20,10 — 20,15 7
20,15 — 20,20 4
a) Hay udc luong duong kinh trung binh cua cac chi tiét do may do6 san xuét voi

do tin cay 95%.

b) Hay uéc luong ti 18 chi tiét dat tiéu chuan véi do tin cdy 99%, biét rang nhiing

chi tiét dat tiéu chuan phai c¢6 duong kinh tir 19,9 mm dén 20,1 mm.
2. Mubn biét s6 ca co trong mot ho 16m, nguoi ta bét 1én 2000 con, danh diu xong lai
tha chiing xudng hd. Sau d6 nguoi ta bat 1én 400 con thi thay c6 55 con bi danh dau.
Vi do tin cay 95% hay udc luong s6 ca trong hd. Cho biét mdi con ca ¢ khéi luong
trung binh 800 gam va modi kildgam cé ban duge 22000d. U'dc lwong doanh thu khi
ban hét s6 ca trong hé vé6i d6 tin cay 95%.
3.Theo mot sd lidu diéu tra vai nam trude, ti 18 nguoi méc bénh tai mii hong & mot
thanh phé 13 6%. Hién tai, do sy 6 nhiém ngdy cang gia ting, nguoi ta du doan rang
ti 1&6 d6 da thay doi. Kiém tra strc khoé ngau nhién 300 nguoi thi thdy co 24 ngudi
mic bénh tai miii hong. V&i muc ¥ nghia o = 0,01 ¢6 co s& dé cho rang ti 1é nguoi
mic bénh tai miii hong c6 xu hudng ting 1én khong?
4. Khi diéu tri bang thudc A, ti 1é bénh nhan khoi bénh 1a 80%. Doi sang thudc B dé
diéu tri cho 1110 nguoi thi thay c6 920 nguoi khoi bénh. Véi mirc y nghia o = 0,01
c6 thé cho rang thudc B hiéu qua hon thubc A hay khong?
5. Theo phuong phap nudi thir nhat, ti 18 ga bi bénh trong dan ga 12 0,06. Theo phuong
phap nudi tht hai, kiém tra thay c6 5 con bi bénh trong dan ga 100 con. V&1 muc y
nghia a = 5% co thé két luan rang ti 1& ga bi bénh khi nuoi theo phuong phap thir hai
thap hon khong?

6. Khéi luong cuia mot loai san phém do mot nha may san xuét 1a dai luong ngau
nhién c6 phan phdi chuan véi khéi lugng trung binh quy dinh 13 500 gam. Nghi ngo
khéi lugng cua loai san pham nay c6 xu hudng giam sut, nguoi ta da can thu mot s6
san pham va thu dugc két qua ghi o bang sau.

Khéi luong (g) 480 485 490 495 500 505 510
Sdsanpham |2 3 8 5 3 10 4

Véi muc y nghia o = 5%, hiy két luan vé diéu nghi ngo do.
DBAITHOC QUOC GIA TP.HCM CONG HOA XA HOI CHU NGHIA VIET NAM
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